Abstract. In this paper we consider a class of multivalent analytics functions based on the use of the Saigo operators of fractional calculus, known as Saigo hypergeometric fractional integrals and derivatives. We obtain some useful properties and characteristics using the techniques of differential subordinations. The main results are illustrated by several interesting corollaries and show their relevance with earlier results.
Introduction and definitions

Let
which are analytic in the open unit disk U = {z : z ∈ C and |z| < 1}. For the functions f (z) and g(z), which are analytic in U, we say that the function f (z) is subordinate to g(z) in U, and write f (z) ≺ g(z), if there exists a function w(z) analytic in U such that |w(z)| < 1, z ∈ U, and w(0) = 0 with f (z) = g(w(z)) in U. In particular, if f (z) is univalent in U, we have the following equivalence:
].
An analytic function f is said to be p -valent (p ∈ N) in a domain D, if it assumes no value more than p times in D and there is some w 0 such that f (z) = w 0 has exactly p solutions in D, when roots are counted in accordance with their multiplicities. If p = 1 , then function f is said to be univalent in D. For a given positive integer p , a p -valent is called p -valent starlike function in the open unit disk D, if there exist a δ > 0 so that
Further, for the functions f j (z) ∈ A p , given by
Let α j ( j = 1,... , p) and β j ( j = 1,...,q) be complex numbers with β = 0, −1, −2,... ( j = 1,...,q). Then the generalized hypergeometric function p F q is defined by (cf. e.g. [2] )
here (x) 0 = 1 for x = 0, and (a) n is the Pochhammer symbol (or shifted factorial function), defined by
for n = 1, 2, ···. Here Γ denotes the well known gamma function. We recall here the following definitions of the Saigo hypergeometric fractional integral operator and differential operator, used in this paper. 
where the function f (z) is analytic in a simply-connected region of the complex zplane containing the origin, with the order
and the multiplicity of (z − t) λ −1 is removed by requiring log(z − t) to be real when (z − t) > 0. The operator I (1.6), we obtain the following p -valent generalization of multiplier transformation op-
Furthermore, if we set μ = 0, λ = −1 and η = γ − 1 in (1.6), we obtain the generalized Bernardi-Libera-Livingston operator [1] , defined by
Using the generalized fractional differintegral operator S
, we now introduce the following subclass of A p :
, if it satisfies the following subordination condition:
For simplicity, we put
where M λ ,μ,η (α, β ) denotes the class of functions f ∈ A p , which satisfy the inequality
(1.11) In the present paper we derive various useful and interesting properties and characteristics of the function classes M λ ,μ,η (α, A, B) and M λ ,μ,η (α, β ) (defined above) by using the subordination principle. Several corollaries are deduced from the main results and their connections with known results are also pointed out.
Preliminaries
We shall require the following lemmas to investigate the function classes M λ ,μ,η (α, A, B) and M λ ,μ,η (α, β ). 
for γ = 0 and ℜ(γ) 0 , then
and ψ(z) is the best dominant. 
Below we remind some known formulas for the hypergeometric function 2 F 1 (cf. e.g. [2] ), that will be used next in our proofs. 
4)
and
Main results
Our first result is given by the following theorem:
where
and X (z) is the best dominant of (3.1). Also,
The result (3.2) is sharp.
, and assume that
We may express the function p(z) as
which is analytic in U with p(0) = 1. Differentiating (3.3) with respect to z, we get
From (1.10), (3.3) and (3.5), we obtain
Thus applying Lemma 1, we obtain (3.1). Moreover by Lemma 3, we have
Next to prove (3.2), we observe that the subordination relation (3.6) is equivalent to S
where w(z) is analytic in U with w(0) = 1 and |w(z)| < 1 in U. Hence
Therefore, with the aid of the identity
for ℜ(w) > 0 and m 1, the identity (3.1) follows directly from (3.7). To establish sharpness of result (3.2), it is sufficient to show that
We observe from (3.7) that for |z| r (0 < r < 1):
which establishes (3.8) and this completes the proof of Theorem 1. −1 B < A 1 1 and B = 0. If f (z) ∈ M λ ,μ,η (α, A 1 , B) , where A 1 is given by
Proof. Putting m = 0 and replacing A by A 1 in Theorem 1, we get
Since z p+1 is (p + 1)-valently starlike function in U, hence in view of Lemma 2, we obtain that S
Further, putting
in Corollary 1, we get the following result:
where A 2 is given by
and f (z) is hence p -valent in U.
where F γ,p is defined by (1.9) and the function τ(z) is given by
and τ(z) is the best dominant of (3.10) . Furthermore
The result (3.11) is the best possible.
Proof. It is follows from (1.6) and (1. Now we assume that 13) then q(z) is of the form (3.4) and analytic in U with q(0) = 1 . Differentiating (3.13) with respect to z and using (3.12), we get
Now following the same process as of Theorem 1, we get the required result and hence we omit it.
Putting m = α = 1 in Theorem 2 and observing that
then we get
